The maximal and next-to-maximal subspaces of a nonsingular parabolic quadric Q(2n, 2), n ≥ 2, which are not contained in a given hyperbolic quadric Q + (2n − 1, 2) ⊂ Q(2n, 2) define a sub near polygon I n of the dual polar space DQ(2n, 2). It is known that every valuation of DQ(2n, 2) induces a valuation of I n . In this paper, we classify all valuations of the near octagon I 4 and show that they are all induced by a valuation of DQ(8, 2). We use this classification to show that there exists up to isomorphism a unique isometric full embedding of I n into each of the dual polar spaces DQ(2n, 2) and DH(2n − 1, 4).
Introduction

Basic Definitions
A near polygon is a partial linear space S = (P, L, I), I ⊆ P × L, with the property that for every point x ∈ P and every line L ∈ L, there exists a unique point on L nearest to x. Here, distances are measured in the point graph or collinearity graph Γ of S. If d is the diameter of Γ, then the near polygon is called a near 2d-gon. The unique near 0-gon consists of one point (no lines). The near 2-gons are precisely the lines. Near quadrangles are usually called generalized quadrangles (Payne and Thas [15] ). Near polygons were introduced by Shult and Yanushka [17] because of their connection with the so-called tetrahedrally closed line systems in Euclidean spaces. A detailed treatment of the basic theory of near polygons can be found in the recent book of the author [4] .
If x 1 and x 2 are two points of a near polygon S, then d(x 1 , x 2 ) denotes the distance between x 1 and x 2 (in the point graph). If X 1 and X 2 are two nonempty sets of points, then d(X 1 , X 2 ) denotes the minimal distance between a point of X 1 and a point of X 2 . If is classical in ∆. The dual polar spaces relevant for this paper are the dual polar spaces DQ(2n, 2) and DH(2n − 1, 4) related to respectively a nonsingular parabolic quadric Q(2n, 2) in PG(2n, 2) and a nonsingular hermitian variety H(2n − 1, 4) in PG(2n − 1, 4).
Let Q(2n, 2), n ≥ 2, be a nonsingular parabolic quadric in PG(2n, 2) and let π be a hyperplane of PG(2n, 2) intersecting Q(2n, 2) in a nonsingular quadric Q + (2n−1, 2). The generators of Q(2n, 2) define a dual polar space DQ(2n, 2). The generators of Q(2n, 2) not contained in Q + (2n − 1, 2) form a subspace X of DQ(2n, 2). The set X is a hyperplane of DQ(2n, 2), i.e., every line of DQ(2n, 2) is either contained in X or intersects X in a unique point. The point-line incidence structure defined on the set X by the set of lines of DQ(2n, 2) (contained in X) is a dense near 2n-gon which we will denote by I n . The generalized quadrangle I 2 is isomorphic to the (3 × 3)-grid. For more details on the above construction, we refer to Section 6.4 of [4] .
Let S 1 = (P 1 , L 1 , I 1 ) and S 2 = (P 2 , L 2 , I 2 ) be two dense near polygons with respective diameters d 1 and d 2 and respective distance functions d 1 (·, ·) and d 2 (·, ·). An isometric full embedding θ of S 1 into S 2 is a map θ : P 1 → P 2 which satisfies the following properties:
• for all points x and y of P 1 , d 2 (θ(x), θ(y)) = d 1 (x, y);
• if L is a line of S 1 , then θ(L) := {θ(x) | x ∈ L} is a line of S 2 .
Two isometric full embeddings θ 1 and θ 2 of S 1 into S 2 are called isomorphic if there exists an automorphism φ of S 2 such that θ 2 = φ • θ 1 . If there exists an isometric full embedding of S 1 into S 2 , then obviously d 2 ≥ d 1 . In view of the following proposition, we may restrict the study of isometric full embeddings between dense near polygons to the case in which both dense near polygons have the same diameter. Proof. Let x 1 and x 2 be two points of S 1 at maximal distance d 1 from each other. Then d 2 (θ(x 1 ), θ(x 2 )) = d 1 and hence there exists a convex subspace S 2 of diameter d 1 in S 2 containing the points θ(x 1 ) and θ(x 2 ).
Suppose x is a point of S 1 at distance d 1 from x 1 . Then by Brouwer and Wilbrink [2] , there exists a path x 2 = y 0 , y 1 , . . . , y k = x in Γ d 1 (x 1 ) connecting the points x 2 and x. We will prove by induction on i ∈ {0, . . . , k} that θ(y i ) is a point of S 2 . Obviously, this holds if i = 0. So, suppose i ∈ {1, . . . , k}. The line y i y i−1 contains a point z i at distance d 1 − 1 from x 1 . Since θ is an isometric embedding, θ(z i ) is a point collinear with θ(y i−1 ) at distance d 1 − 1 from θ(x 1 ). By the induction hypothesis, θ(y i−1 ) is a point of S 2 at distance d 1 from θ(x 1 ). Hence, also θ(z i ) is a point of S 2 . It follows that the point θ(y i ) of the line θ(z i )θ(y i−1 ) belongs to S 2 . Now, let x denote an arbitrary point of S 1 . Then by Brouwer and Wilbrink [2] , x is contained in a shortest path connecting x 1 with a point x ∈ Γ d 1 (x 1 ). By the previous paragraph, θ(x ) is a point of S 2 at distance d 1 from θ(x 1 ). Since θ(x) is on a shortest the electronic journal of combinatorics 13 (2006), #R76 path between the points θ(x 1 ) and θ(x ) of S 2 , also θ(x) belongs to S 2 . This proves the proposition. ¤ Let S = (P, L, I) be a dense near polygon. A function f from P to N is called a valuation of S if it satisfies the following properties (we call f (x) the value of x):
(V1) there exists at least one point with value 0; (V2) every line L of S contains a unique point x L with smallest value and
(V3) every point x of S is contained in a convex subspace F x such that the following properties are satisfied for every y ∈ F x :
(ii) if z is a point collinear with y such that 
Valuations of dense near polygons have interesting and important applications in the following areas: (1) the classification of dense near polygons (e.g. [11] ); (2) construction of hyperplanes of dense near polygons, in particular of dual polar spaces ( [9] ); (3) classification of hyperplanes of dual polar spaces ( [5] ); (4) the study of isometric full embeddings between dual polar spaces ( [6] ). Valuations will be further discussed in Section 2.
Main results
Valuations are an indispensable tool for classifying dense near polygons (see e.g. [4] ).
Of particular interest are the dense near polygons of order (2, t) which the authors are trying to classify. At this moment, a complete classification of such dense near polygons is available up to diameter 4 ( [15] , [1] , [11] ). In order to obtain new classification results regarding dense near polygons of order (2, t), new classification results regarding valuations seem to be necessary. The classification of the valuations of the dense near hexagons of order (2, t) has been completed by the authors in [10] . The next cases to consider are the near octagons. We start with the near octagon I 4 .
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The embedding of I n in DQ(2n, 2) (n ≥ 2) described above is an isometric full embedding. So, by Proposition 1.3, every valuation of the dual polar space DQ(2n, 2) induces a valuation of I n . In [10] , the authors classified all valuations of I 3 . It turns out that all these valuations are induced by a unique valuation of DQ (6, 2) . In the present paper, we prove a similar result for the near octagon I 4 : Theorem 1.4 Every valuation f of the near octagon I 4 is induced by a unique valuation f of DQ (8, 2) .
Remark. In [7] , it will be shown by one of the authors that also every valuation of I n , n ≥ 5, is induced by a unique valuation of DQ(2n, 2). The complete classification of the valuations of I 4 is however necessary to achieve this goal. Paper [7] will also contain a discussion of the structure of the valuations of I n .
We will see in Corollary 2.8, that there are three types of valuations in DQ (8, 2) . We will show in Section 4 that these valuations induce five types of valuations in I 4 . More precisely, if f is a valuation of DQ (8, 2) and if f is the valuation of I 4 induced by f , then one of the following cases occurs (we refer to Sections 2 and 3 for definitions): (8, 2) such that the unique point with f -value 0 belongs to I 4 , then f is a classical valuation of
(ii) If f is a classical valuation of DQ (8, 2) such that the unique point with f -value 0 does not belong to I 4 , then O f is a so-called projective set.
(iii) Suppose f is the extension of an ovoidal valuation f in a quad Q of DQ (8, 2) which is contained in I 4 . Then the valuation f of I 4 is also the extension (in I 4 ) of the ovoidal valuation f of Q.
(iv) Suppose f is the extension of an ovoidal valuation f in a quad Q of DQ (8, 2) which is not contained in
(v) Suppose that f is an SDPS-valuation of DQ (8, 2) . Then |O f | = 75 and the linear space G f is isomorphic to the partial linear space W (4) obtained from the symplectic generalized quadrangle W (4) by removing two orthogonal hyperbolic lines.
In Section 5, we will use the classification of the valuations of I 3 and I 4 to study isometric full embeddings of I n into the dual polar spaces DQ(2n, 2) and DH(2n − 1, 4). We will show the following: Theorem 1.5 (i) Up to isomorphism, there is a unique isometric full embedding of I n , n ≥ 2, into DQ(2n, 2).
(ii) Up to isomorphism, there is a unique isometric full embedding of I n , n ≥ 2, into DH(2n − 1, 4). 
Properties of valuations
Let S = (P, L, I) be a dense near 2n-gon.
We define four classes of valuations.
(1) For every point x of S, the map f x : P → N; y → d(x, y) is a valuation of S. We call f a classical valuation of S.
(2) Suppose O is an ovoid of S, i.e., a set of points of S meeting each line in a unique point. For every point x of S, we define f O (x) = 0 if x ∈ O and f O (x) = 1 otherwise. Then f O is a valuation of S, which we call an ovoidal valuation.
(3) Let x be a point of S and let O be a set of points of S at distance n from x such that every line at distance n − 1 from x has a unique point in common with O. For every point y of S, we define f (y) :
) is a convex subspace of S which is classical in S, and that
) is a valuation of S. We call f the extension of f . If P = P, then we say that the extension is trivial. Proof. We need to show that there is a point in F at distance n from x. Let y be a point of F at maximal distance from x. Every line of F through x contains a point at distance d(x, y) − 1 from x and hence is contained in the convex subspace x, y of S. The intersection x, y ∩ F is a convex subspace of F containing all lines of F through y. Hence, x, y ∩ F = F , i.e., F ⊆ x, y . Since F has diameter n, also x, y must have diameter n, i.e. d(x, y) = n. This was what we needed to show. ¤
In the following proposition, we collect some properties of valuations. We refer to [8] for proofs.
Proposition 2.3 ([8])
The following holds for a valuation f of a dense near 2n-gon S.
(a) No two distinct special quads intersect in a line. 
SDPS-valuations
Let ∆ be a thick dual polar space of rank 2n, n ∈ N. (We will take the following convention: a dual polar space of rank 0 is a point and a dual polar space of rank 1 is a line.) A set X of points of ∆ is called an SDPS-set of ∆ if it satisfies the following properties.
(1) No two points of X are collinear in ∆.
The point-line geometry ∆ whose points are the elements of X and whose lines are the quads of ∆ containing at least two points of X (natural incidence) is a dual polar space of rank n. Any valuation which can be obtained from an SDPS-set as described in Proposition 2.4 is called an SDPS-valuation. In the following two propositions, we characterize SDPSvaluations. 
Proposition 2.7 (Section 6 of [10]) Every valuation of the dual polar space DQ(6, 2) is either classical or the extension of an ovoidal valuation in a quad of DQ(6, 2).
Corollary 2.8 If f is a valuation of the dual polar space DQ(2n, 2), n ≥ 2, then f is the possibly trivial extension of an SDPS-valuation in a convex subspace of DQ(2n, 2).
Proof. If f is a valuation of DQ(2n, 2), n ≥ 2, then by Proposition 2.7, every induced hex valuation is either classical or the extension of an ovoidal valuation in a quad. By Proposition 2.6, it then follows that f is the possibly trivial extension of an SDPS-valuation in a convex subspace of DQ(2n, 2). ¤ 3 Properties of the near 2n-gon I n
The convex subspaces of I n
Consider a nonsingular parabolic quadric Q(2n, 2), n ≥ 2, in PG(2n, 2) and a hyperplane π of PG(2n, 2) intersecting Q(2n, 2) in a nonsingular hyperbolic quadric Q + (2n − 1, 2). Let DQ(2n, 2) denote the dual polar space associated with Q(2n, 2) and let I n be the sub-2n-gon of DQ(2n, 2) defined on the set of generators of Q(2n, 2) not contained in
, then X α is a convex subspace of diameter i of I n . Conversely, every convex subspace of diameter i of I n is obtained in this way. Let A α denote the point-line geometry on the set X α induced by the lines of
Using this fact, one can easily see that every line of I n is contained in a unique grid-quad. (Recall that I 2 is isomorphic to the (3 × 3)-grid.) For more details on the above-mentioned facts, see Section 6.4 of [4] .
An important notion is the one of a projective set. Suppose α is a point of DQ(2n, 2) not contained in I n , i.e., α is a generator of Q + (2n − 1, 2). Let V α denote the set of points of I n collinear with α. Since I n is a hyperplane of DQ(2n, 2), there is a unique point of V α on every line of DQ(2n, 2) through α. The set V α satisfies the following properties, see Section 8.2 of [10] :
(i) every two points of V α lie at distance 2 from each other and the unique quad of I n containing them is a grid;
(ii) if x ∈ V α and if Q is a grid-quad through x, then Q ∩ V α is an ovoid of Q; (iii) the incidence structure with points the elements of V α and with lines the gridquads of I n containing at least two points of V α is isomorphic to the point-line system of the projective space PG(n − 1, 2). Because of property (iii), the set V α is called a projective set. Projective sets satisfy the following properties, see again Section 8.2 of [10] .
(a) Every point is contained in precisely two projective sets. (b) If x and y are two points at distance 2 from each other such that x, y is a grid, then there exists a unique projective set containing x and y.
The valuations of I 3
We will use the same notations as in Section 3.1 but we suppose that n = 3. The valuations of I 3 were classified in Section 8.4 of [10] . The following holds:
There are two types of valuations f in DQ(6, 2) (recall Proposition 2.7) giving rise to four types of valuations f in I 3 .
(1) Suppose f is a classical valuation of DQ (6, 2) such that the unique point x with f -value 0 belongs to I 3 . Then f is a classical valuation of I 3 and O f = {x}.
(2) Suppose f is a classical valuation of DQ (6, 2) such that the unique point with f -value 0 does not belong to I 3 . Then O f is a projective set. We call f a valuation of Fano-type: the set of grid-quads of I 4 which are special with respect to f defines a Fano plane on the set O f .
(3) Suppose f is the extension of an ovoidal valuation in a quad Q of DQ (6, 2) which is also a quad of I 3 . Then the valuation f of I 3 is the extension of an ovoidal valuation in Q. Moreover, O f = O f . We call f a valuation of extended type.
(4) Suppose f is the extension of an ovoidal valuation in a quad Q of DQ(6, 2) which is not a quad of I 3 . Then |O f | = 3 and the grid Q ∩ I 3 is the unique quad of I 3 which is special with respect to the valuation f . We call f a valuation of grid-type. Proof. Let G denote the unique W (2)-quad of DQ(6, 2) containing G and let O denote the unique ovoid of G containing O f . The points of I 3 at distance 2 from G are precisely the points x of I 3 for which π G (x) ∈ G. If y is a point of G \ G, then y is collinear with four points of I 3 \ G. If y ∈ O, then each of these points has value 1. If y ∈ O, then each of these points has value 2. The lemma now readily follows from the fact that |O \ O f | = 2 and |G \ G| = 6. ¤
Lemma 3.2 Let f be a valuation of
The valuations of I 4
In this section, we will prove Theorem 1.4. We will regard the near octagon I 4 as a subnear-polygon of DQ (8, 2) , see Section 1. Convex subspaces of diameter 2 and 3 of I 4 will be called quads and hexes, respectively. Convex subspaces of diameter 2 and 3 of DQ (8, 2) will be called QUADS and HEXES, respectively. Every W (2)-quad of I 4 is a QUAD of DQ (8, 2) . A grid-quad of I 4 is not a QUAD of DQ(8, 2). Proof. Claims (i), (ii), (iii) and (iv) are obvious. We now show claim (v). Let H 1 and H 2 be two disjoint hexes of I 4 isomorphic to DQ(6, 2). Then H 1 and H 2 are also HEXES of DQ (8, 2) . By the structure of SDPS-sets, see Lemma 8 of [9] , 
Two lemmas
H 1 ∩ O f and H 2 ∩ O f are ovoids in QUADS. Claim (v) follows from the fact that (H 1 ∩ O f ) ∪ (H 2 ∩ O f ) ⊆ O f . ¤ Lemma 4.2 If f is a valuation of I 4 , then d(x 1 , x 2 ) is
Treatment of Case I
In this subsection, we suppose that f is a valuation of I 4 such that any two distinct points of O f lie at distance 2 from each other. 
Proof. (i) We first prove that
. Suppose now that x is a point of I 4 such that d(x, Q) = 2 and π Q (x) ∈ O f . Let y be a point of O f collinear with π Q (x), let H be the hex x, y and let f H be the valuation of H induced by f . Proof. Let x denote an arbitrary point of O f . The incidence structure P with points the grid-quads through x and with lines the I 3 -hexes through x (natural incidence) is isomorphic to the Fano-plane. Let X denote the set of all special grid-quads through x.
Step 1: X is a subspace of P . Proof. Let Q 1 and Q 2 denote two distinct special grid-quads through x and let Q 3 denote the third grid-quad through x such that {Q 1 , Q 2 , Q 3 } is a line of P . Let H denote the unique I 3 -hex containing Q 1 , Q 2 , Q 3 , and let f H be the valuation of H induced by f . Since Q 1 and Q 2 are special quads with respect to f H , f H is a valuation of Fano-type. So, also Q 3 is special with respect to f H and hence also with respect to f .
Step 2: X is not a line of P . The lemma now follows from (1), (2) and (3) . ¤
Lemma 4.7 Let G be a grid-quad of the near octagon I 4 , let x be a point of G and let O be an ovoid of G. Then the following holds:
Proof. Let G denote the unique QUAD of DQ (8, 2) containing G. Let y denote the unique point of G \ G for which y ⊥ ∩ G = O. The lines and QUADS of DQ(8, 2) through any given point of DQ(8, 2) define a projective space isomorphic to PG(3, 2). So, every point of G is contained in precisely 16 QUADS which intersect G in only one point.
The 16 QUADS through x intersecting G in only the point x are also quads of I 4 , since G contains the unique line of DQ(8, 2) through x not contained in I 4 . In each such QUAD, there are 8 points at distance 2 from x. If u is one of these 8 points, then u ∈ Γ 2,C (G) and π G (u) = x. Conversely, if u is a point of Γ 2,C (G) such that π G (u) = x, then u is contained in one of the 16 QUADS through x intersecting G in only the point x. Hence, there are 16 · 8 = 128 points u ∈ Γ 2,C (G) for which π G (u) = x.
Each of the 16 QUADS through y intersecting G in only the point y intersects I 4 in a grid. In each such QUAD, there are 6 points of I 4 at distance 2 from y. If u is one of these 6 points, then u ∈ Γ 3,O (G) and 
Lemma 4.8 If X is an ovoid in a grid-quad G of I 4 , then there exists a unique valuation g of I 4 such that X = O g . Moreover, g is induced by a unique valuation of DQ(8, 2).
Proof.
(1) Suppose g is a valuation of I 4 such that X = O g . We will count the number of points with a certain g-value. Notice that there are no points with g-value 4 by Proposition 2.3 (c).
Consider first the points of G. In G, there are 3 points with value 0 and 6 points with value 1.
Consider the set of points Γ 1 (G). Since there are 14 lines through each point of I 4 , The lemma now follows from (1), (2) and (3). ¤
Treatment of Case II
In this subsection, we suppose that f is a valuation of I 4 containing two points of O f at distance 4 from each other. Proof. There are 14 hexes through x 1 containing a point of Γ 1 (x 2 ). Each of the 8 DQ(6, 2)-hexes through x 1 is classical in I 4 and hence contains a point of Γ 1 (x 2 ). So, from the 7 I 3 -hexes through x 1 there are 6 which contain a point of Γ 1 (x 2 ) and a unique other one which does not contain a point of Γ 1 (x 2 ). Let H be an arbitrary DQ(6, 2)-hex through x 1 . Then f (x 1 ) = 0, f (π H (x 2 )) = 1 and d(x 1 , π H (x 2 )) = 3. It follows that the valuation induced in H is the extension of an ovoidal valuation in a quad of H. Hence, H contains a unique special W (2)-quad. Conversely, every special W (2)-quad is contained in precisely two DQ(6, 2)-hexes. As a consequence, Let H be one of the six I 3 hexes through x 1 containing a point collinear with x 2 . Since f (x 1 ) = 0, f (π H (x 2 )) = 1 and d(x 1 , π H (x 2 )) = 3, the valuation f H induced in H cannot be classical. Suppose f H is a valuation of Fano-type. Then there exists a special grid-quad through x 1 meeting a special W (2)-quad in a line, contradicting Proposition 2.3 (a). Hence, f H is either of extended type or of grid-type.
As every special W (2)-quad through x 1 is contained in a unique I 3 -hex, there are precisely four I 3 -hexes H through x 1 meeting Γ 1 (x 2 ) for which f H is of extended type. Hence, there exists an I 3 -hex H * through x 1 meeting Γ 1 (x 2 ) for which f H * is a valuation of grid-type. Let Q * denote the unique special quad of H * . By Proposition 2. Proof. We distinguish the following cases:
Lemma 4.12 If Q is a special W (2)-quad and if x is a point of
The claim has already been shown in Lemma 4.2.
By symmetry, we only need to consider the case
Let G denote a special grid-quad such that:
Let O G denote the unique ovoid of Q containing the points a 1 , a 2 and a 3 . Then O G = {a 1 , a 2 , a 3 , x 2 , x 2 } for a certain point x 2 of Q. We distinguish three cases (see Lemma 4.13): Case III:
Let G 1 and G 2 denote two special grid-quads such that:
(ii) for every i ∈ {1, 2, 3},
. In a similar way, one shows that d( 1 ), a contradiction. So, Q 1 and Q 2 are two disjoint QUADS. Now, x 1 and π Q 1 (x 2 ) are two points of Q 1 at distance 2 from each other collinear with the respective points π Q 2 (x 1 ) and x 2 of Q 2 . It follows that Q 1 and Q 2 are two QUADS at distance 1 from each other. Now, d(a
i ) is even for all i ∈ {1, 2, 3}. It follows that π Q 2 (a
1 ) is the unique point of Q 2 collinear with a
2 ) and π Q 2 (a (1) 3 ) must coincide with the unique point of Q 2 collinear with a
3 ), it follows that a 
Proof. Let H denote a DQ(6, 2)-hex through x. By properties of SDPS-sets and SDPSvaluations (see Lemmas 8 and 9 of [9]), we have any point of (G 1 ∩ P ) \ {x * }. Now, suppose G 4 is a grid-quad of I n through x * different from G 1 , G 2 and G 3 . Then there exists a convex suboctagon F ∼ = I 4 in I n containing G 1 , G 2 , G 3 and G 4 . By Proposition 2.1, the map f : F → N; y → d(x P , y) − 1 is a valuation of F having G 1 , G 2 and G 3 as special grid-quads. By the classification of the valuations of I 4 , we know that O f is a projective set of F . Hence, x ⊥ P ∩ G 4 is an ovoid of G 4 which necessarily coincides with G 4 ∩ P , since every point of (G 4 ∩ P ) \ {x * } has distance 2 from every point of (G 1 ∩ P ) \ {x * }. By the above, we know that P ⊆ x ⊥ P ∩I n . We will now show that P = x ⊥ P ∩I n . Suppose the contrary. Then there exists a point u ∈ (x ⊥ P ∩ I n ) \ P . Since d(x * , u) = 2, there exists a quad Q in I n containing x * and u. Then x ⊥ P ∩ Q is an ovoid of Q. Now, the grid-quads of I n through x * determine a partition of the lines of I n through x * . Hence, there exists a grid-quad G of I n through x * which intersects Q in a line. Since x ⊥ P ∩ G is an ovoid of G and Q ∩ x ⊥ P is an ovoid of Q, it is easily seen that there exists a point v 1 ∈ Q ∩ x ⊥ P and a point v 2 ∈ G ∩ x ⊥ P at distance 3 from each other. But this is impossible, since every two points of x ⊥ P ∩ I n lie at distance 2 from each other. Hence, P = x ⊥ P ∩ I n as claimed.
Claim 2. Let x be a point of I n and let P 1 and P 2 denote the two projective sets through x. Then {x, x P 1 , x P 2 } is a line of ∆. Proof. Let y denote the point of the line xx P 1 different from x and x P 1 . For every grid-quad G of I n through x, x ⊥ P 1 ∩ G and y ⊥ ∩ G are the two ovoids of G through x. Since x
Since this holds for every grid-quad G of I n through x, x P 2 = y. This proves the claim. Now, consider the following substructure ∆ of ∆. The points of ∆ are of two types: (i) the points of I n ; (ii) the points x P , where P is a projective set of I n . The lines of ∆ are of two types: (i) the lines of I n , (ii) the lines {x, x P 1 , x P 2 }, where x is a point of I n and where P 1 and P 2 are the two projective sets of I n through x.
By the discussion preceding this proposition, the incidence structure ∆ is isomorphic to DQ(2n, 2). Moreover, the embedding of I n in ∆ is isomorphic to the natural embedding of I n in DQ(2n, 2). It remains to show that ∆ is isometrically embedded in ∆. By the main result of Huang [12] , it suffices to show that there exist two opposite points x 1 and x 2 in ∆ which are also opposite in the geometry ∆. But this holds as we can take for x 1 and x 2 two opposite points in I n . Then x 1 and x 2 are also opposite points in ∆ as I n is isometrically embedded in ∆.
¤
We now take a closer look at the case n = 4. Suppose F 1 := I 4 is fully and isometrically embedded in F 2 := DQ(8, 2) which itself is also fully and isometrically embedded in We can make the following conclusions (recall Proposition 2.2 and Lemma 4.1):
The points of type (I) are precisely the points of F 1 . There are precisely 2025 such points.
The points of type (II) are the points of F 2 \ F 1 . There are precisely 270 such points. The points of type (III) belong to Γ 1 (F 2 ) ∩ Γ 1 (F 1 ). If x is a point of type (III), then Γ 1 (x) ∩ F 2 = Γ 1 (x) ∩ F 1 is an ovoid in a W (2)-quad of F 2 which is also a quad of F 1 . There are 45360 points of type (III).
The points of type (IV) belong to Γ 1 (F 2 ) ∩ Γ 1 (F 1 ). If x is a point of type (IV), then Γ 1 (x) ∩ F 2 is an ovoid in a W (2)-quad of F 2 and Γ 1 (x) ∩ F 1 is an ovoid in a grid-quad of F 1 . There are 18900 points of type (IV).
The points of type (V) belong to Γ 2 (F 2 ) ∩ Γ 2 (F 1 ). If x is a point of type (V), then Γ 2 (x) ∩ F 2 is a set of 85 points which carries the structure of a generalized quadrangle of order 4, and Γ 2 (x) ∩ F 1 is a set of 75 points which carries the structure of a generalized quadrangle of order 4 in which two orthogonal hyperbolic lines have been removed. There are 48384 points of type (V).
